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Abstract 

Let S he a Dirichlet form on L2{X) and Q an open subset of X. Then 
one can define Dirichlet forms Sd, or Sn, corresponding to S but with 
Dirichlet, or Neumann, boundary conditions imposed on the boundary 
dfl of fl. If S, and S'^ are the associated submarkovian semigroups 
we prove, under general assumptions of regularity and locality, that 
Stip = S^ip for all if G i^2(^) and t > if and only if the capacity 
capf^((5f2) of dVt relative to f2 is zero. Moreover, if S is conservative, 
i.e. stochastically complete, then capf^(9f2) = if and only if is 
conservative on L2(f2). Under slightly more stringent assumptions we 
also prove that the vanishing of the relative capacity is equivalent to 
S^^ = S^ip for all if e L2(fi) and t > 0. 
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1 Introduction 



In two earlier papers [RoSj [ElRj the relationships between the invariance of a set Q un- 
der the action of a submarkovian semigroup S and capacity conditions on the boundary 
dQ of the set were explored. In the current paper we demonstrate that these features 
are connected to the conservative property for the semigroup 5*^ obtained by imposing 
Dirichlet boundary conditions on dfl. Under quite general conditions the latter property 
is equivalent to the capacity of dfl relative to Q being zero. Alternatively these conditions 
are equivalent to the equality Sf'ip = S^^p for all ip G L2{VL) and t > 0, where 5*^ is the 
semigroup obtain by imposing Neumann boundary conditions on dVL. This latter result is 
related to the work of Arendt and Warma |ArWlj |ArW2j on boundary conditions on the 
Laplacian on arbitrary domains and a number of our arguments are similar. 

The analysis of [RoSj was for a semigroup S on L2(R'^) generated by a second-order, 
divergence-form, elliptic operator H with iy^'°°-coefficients and an open set VldYi'^ with 
a Lipschitz boundary dVL. Then it was established that StL2{Vi) C L2(f2) for all t > if 
and only if the capacity cap((9f2) of dVL measured with respect to the form h associated 
with H is zero. It was also remarked that this equivalence fails if the coefficients of H are 
not Lipschitz continuous. The problem is that the degeneracy of the coefficients can differ 
depending whether one approaches the boundary dVL from VL or from Vl . The situation was 
clarified in j ElRj by the demonstration that invariance could be completely characterized 
by a condition on the capacities relative to VL and VL^ with no regularity required of the 
coefficients or the boundary dVL. In addition the set Vt is allowed to be measurable. The 
results of [ElRj were derived in the general framework of local Dirichlet forms and the 
current discussion will also be carried out in this framework. 

We assume throughout that X is a locally compact a-compact metric space equipped 
with a positive Radon measure /x such that supp fx = X. Let S he a Dirichlet form on 
X. The Dirichlet form is called regular if D{S) fl Cc{X) is dense both in D{S), with the 
graph norm, and in Co{X), with the supremum norm. Throughout this paper we assume 
that D{S) n Cc{X) is dense in Co{X). Moreover, we also require throughout that S is 
local in the sense that S{tp, = for all D[S) with iptp = 0. This notion appears 

slightly stronger than locality as defined in [FOT] but if S is regular then it is equivalent 
by a result of Schmuland |Schj . Let Q be an open subset of X. We associate with the form 
S a second form Sd which corresponds abstractly to S with Dirichlet boundary conditions 
imposed on dQ. The latter form is defined by first setting 

Dq = Dq{S) = D{S) : supp(y9 is a compact subset of Q} . 

Since D{S) r\Cc{X) is dense in Co{X) it follows that Dq is dense in L2(fi). Then we define 
Dq as the closure of with respect to the graph norm on D{£). Since l^ip = ip for 
all if G -Dq and the multiplication operator ip l^ip is continuous on L2(X), it follows 
that Dq^ C L2(fi). Here and in the sequel we identify L2(fi) in a natural way with the 
subspace {l^i^p : G L2(X)}. Finally £Di= ^n,D) is defined as a form on L2(fi) with 
domain D^Sd) = Dq by £d = £\d^- Subsequently, in Section [3], we introduce a second 
form Sn which corresponds to the introduction of Neumann boundary conditions on dQ. 
But the definition of Sjy is more complicated and its analysis requires stronger assumptions. 
Therefore we first concentrate on the relatively simple form So- 
li follows straightforwardly that Sd is a Dirichlet form on L2(fi) and D{Sd) H Cc(fi) is 
dense in Co{Q). Let Hd{= H^^d) and S^{= S^'^) denote the operator and semigroup on 
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L2(fi) associated with £o- Since S and are submarkovian semigroups they extend to 
all the Lp-spaces including Loo{X) and Loo(f^). 

Next we define the capacity and relative capacity of a set with respect to the form £. If 
n is a subset of X and A C f2 then the relative capacity capf^(y4) G [0, oo] is defined by 

capj^(A) = capj^ £-(A) = inf{||(p||^(£-) : ip E D(£) and there exists an open V C X 

such that A cV and (p > 1 a.e. onV HQ} . 

If f2 = X then cap(A) = cap^{A) = capxsi^) is the capacity of the set A. This version 
of relative capacity is the one used in [ElRj . but it is probably different from the definition 
of relative capacity introduced earlier by Arendt and Warma |ArWlj [ArW2 ] . 

If S is regular and Q is measurable then it follows from [EIR] . Theorem 1.1, that S 
leaves L2{Q) invariant if and only if there exist Ai,A2 C dQ such that AiU A2 = dQ and 
capf2(y4i) = = capf^c(v42). In particular, if capf^(9fi) = then L2(fi) is ^-invariant. 

Our main result gives a criterion for the validity of the converse of the latter statement. 

Theorem 1.1 Adopt the foregoing definitions and assumptions. Let fl be an open subset 
of X . Consider the following conditions. 

I. is conservative, i.e. Sjr^ln = In for all t > 0. 

II. Stip = Sj^ip for all ip G Iv2(fi) and t > 0. 

III. capf^(a^]) = 0. 

Then [11=^^111= ^1111 In particular Conditions^ an(i[TT] imply that L2{fl) is S -invariant. 
Moreover, if S is conservative thenin\=^ Finally, if S is regular, t/ien 11111 =^^111 

The theorem applies directly if S is the form of a second-order, divergence-form, elliptic 
operator with real measurable coefficients on L2(R'^). Then S is regular, local and the 
corresponding semigroup S is conservative. We will discuss this example more fully in 
Section HI The equivalence [ITk= ^IIII generalizes a result of Arendt and Warma for the 
Laplacian (see [ArW2] . Proposition 2.5). 

One can draw a stronger conclusion if the capacity cap((9fi) = and S is regular, 
since this immediately implies that capj^(9fi) = = capj=2<=(9f2). There is, however, a 
converse to this statement if \dQ\ = 0. Then the conditions cap^ldQ) = = cap-^'^ldQ) 
imply that cap(9i7) = by [ElRj . Lemma 2.9. (The condition \dQ\ = is essential since 
cap(9i7) > \dil\.) Therefore if \dil\ = then cap((9fi) = is equivalent to both 

and 5**^ being conservative or to the conditions St^ = Sf^p) and StilJ = '^ijj for all 
p> G L2(fi), G L2(n'') and t > 0. 

In Section [3] we will give a further characterization of the condition ca,p^{dfl) = in 
terms of Neumann boundary conditions. 

2 Dirichlet boundary conditions 

In this section we prove Theorem II. 1[ The proof depends on a couple of standard results 
which we use throughout this paper. 

First, the S'-invariance of L2{fi) is equivalent to the condition 1qp> E D{S) for all 
(p G D{S) or for all in a core of S. These criteria are a corollary of a general result 
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of Ouhabaz [Ouhj . Theorem 2.2, for local accretive forms (see also |FOT] . Theorem 1.6.1, 
and )E1R] . Proposition 2.1). 

Secondly, we need an order relation between the semigroups S and 5*^. Note that each 
bounded operator A on L2{fl) can be extended to a bounded operator on L2{X), still 
denoted by A, via ip t— > A{1q(p) G L2{^1) C L2{X) for all (p G L2{X). In particular Sj^ 
extends to a bounded operator on L2{X). Note that limf^o S^^ip = In^p for all y9 G L2{X). 

Proposition 2.1 IfQ is open and ip G L2{X)^ then < S^ip < St^p for allt>0. 

The proposition follows from an adaptation of the reasoning of [Are] . Section 4.2. Al- 
ternatively it can be deduced from [Ouh] . Theorem 2.24. The proof relies on the following 
extension of Lemma 4.2.3 of |Are] . 

Lemma 2.2 Let (p G D{S£)) and ip G D{S)^ satisfy 

ix, + Soix, < ix, ^) + Six, ^) (1) 
for all X £ D{Sr)) + - Then ip < ip. 

Proof There exist ipi,ip2,... G Dq such that lim||(y9„ — v^||_d(£-) = 0. Then, however, 
supp(v9„ — ^/')+ C supp ipn C Q since ip > 0. So ((/?„ — ip)^ G Dq for all G N. Moreover, 
lim(93„ — ^/')+ = {ip — ip)^ in D{£). Hence {ip — ip)^ G D{££i). 
Secondly, set x = {v ~ 4')+ O- Then one deduces that 

II {if - ip)+\\l = ii^ - ^)+, ^-^)< - ^-^) = -£i{^ - ^)+) < , 

where we used locality of S in the last equality. Hence {ip — ip).^ = or, equivalently, 

ip <i). □ 

Proof of Proposition [HI] Let r G L2(fi)+. Set if = {I + HdY^t and i) = {I + HyW. 
Then ip G D{Hd) C and tp E D{H) C D{S). Moreover, ip > because r > and 

S is submarkovian. Now 

(X, ip) + = {X, (I + ^d)'/') = ix, r) = (x, ^) + £{x, V^) 

for all X ^ D{Sd)- Therefore (J + H£))~'^t < (/ + H)^^t by Lemma 12.21 Similarly, 
(/ + \Hd)-^t < {I + XH)-W for all A > and r G L2(fi)+. Then 5f r < for all 
t > since = lim„^oo(-^ + n~^tH)^^T with a similar expression for Sf^ . Finally, since 
S^T = for all T G L2{fl^) the proposition follows. □ 

Corollary 2.3 If Qi C ^2 «re oj»en t/ien < Sf^'^ip < Sf'^'^ip for all ip G L2(X)_|_ and 
t > 0. 

Proof This follows from Proposition 12. II with X replaced by ^2; replaced by Sq^ and 
S by □ 

Now we turn to the proof of Theorem 11.11 

Proof of Theorem [IH] '^=^\ Let <p G Li{Q) n i:2(^^)+ and t > 0. Then Sf^ip < Stip 
by Proposition 12. 1[ Therefore using Condition [T] and the positivity and contractivity of S 
one has 

lly^lli = {ln,v) = {S['ln,ip) = {ln,S^ip) < {In, Stip) < {1, Stip) = \\Stip\\i < ||^||i . (2) 
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Hence all three inequalities are in fact equalities. Since the second inequality in ([2]) is an 
equality it follows that {Iqc, Stf) = 0. Therefore l^cStip = and St^p G L2{fl). Since 
the first inequality in ([2]) is an equality one deduces from the order relation Sfip < St(p 
of Proposition 12.11 that Sj^ip = St^p. But this immediately implies that S[^ip = Stip for all 
t > and ip G L2(fi). Thus Condition HTl is established. 

'HMUl'. If ^ G L2{n) then St^p = S^^ G Lal^). So L2(fi) is 5-invariant. Next, let 
K <Z X compact. Since X is locally compact and D{£) fl Cc{X) is dense in Cq{X) there 
exist an open set V and a y9 G D{£) fl Cc{X) such that 9? > ly > pointwise. Then 
lf7 (y9 G D{£) n L2{yL), by S'-invariance of -L2(^), and 

limt-i(lf, ^, (/ - S^)ln ^) = limt-i(lj, y^, (/ - St)ln = S{ln V>) 

exists. Therefore l^ip E D^Sd). By definition of So there exist ipi,'ip2, • • • G Dq such that 
lim^^oo'^n = 1q in D{£). Then 1q — -^/^n G D{£), K fl 9fi C \ supp-i/^n, the set 
\ supp il)n is open and Irj 9? — V^n > 1 a.e. on \ supp ipn) H i7 for all n G N. Therefore 
capQ(A' n dVt) < ||ln</5 — for all n G N and capf^(/r fl 30) = 0. Since X is 

(T-compact one deduces that cap^{dQ) = 0. 

'iITl=^' . Suppose that S is conservative. If ip E Li{Q) fl -L2(^^) then 

(y^, If,) = (^f v^, If,) = {Stif, In) = Stln) = (v^, InStl) = (v^, In) 

for alH > 0. Therefore S^'ln = In for alH > 0. 

HIIkCT' . Finally, suppose that S is regular. We shall prove that if (y? G D{S) then 
Inf E D{£d). We argue as in the proof of [ElRj . Theorem 2.4. 

Since capQ^dQ) = for all n G N there exist ipn G -D(£^) and an open Vn C X such 
that dQ C Ki, "^An > 1 almost everywhere on fl and ||'?/'„|| £>(£■) < l/n. Without loss of 
generality we may assume that < T/^n < 1. Let (p E D{£) fl Cc{X). Let n G N. Define 
ipn = {^p — (pipn)^n G L2(fi). Then suppv9„ is compact and 

supp Lpn c rrfTiA c n n v^"^ c . 

Hence there exists a x G D{S) fl Cc(fi) such that x|supp</3„ — 1- Then y9„ — (^ip ipijjn)x ^ 
D{S). So G -Df, C D{£o)- It follows from locality that 

£{Vn) < £{^n) +£{{'P -^^n)tn-) 

= S{ip - ^^„) < 2S{ip) +4S{ip) UJl + 4S{i/jn) Ml < QSiv) + 4 ll^ll^ 

for all n G N. So the sequence ^2, ■ ■ ■ has a weakly convergent subsequence v^m, ^n2, ■ ■ ■ 
in the Hilbert space D{£d)- Clearly lim^^oo V'n = If, 9? in L2{fl). So Ifjyj G D{Sd) for all 
if E D{£)r]CciX). 

Since D{S)nCc{X) is dense in D(S) by regularity it follows that L2{fl) is S-invariant by 
pR] . Proposition 2.1. Moreover, by density, D(£:) nL2(fi) C D(£^). Since the converse 
inclusion is obvious it follows that D{£) fl L2{0) = D^En). Hence St^p = S[^ip for all 
ip E L2{0l) and t > 0. This completes the proof of Theorem 11.11 □ 

3 Neumann boundary conditions 

The form corresponding to S with Neumann boundary conditions on dfl is defined in terms 
of the truncations of S. If x ^ D{S) fl Loo{X)^ then the truncated form is given by 
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D{S^) = D{S)nL^{X) and 

for all ip G D{£) fl Loo{X). It has three basic properties: 

0<^xM<llxlloo^M , (3) 

£:;,(0V<^A1) <^^(¥^) , (4) 

and 

if < xi < X2 then < (<^) < (<^) (5) 

where all three properties are valid for all ip G D{S) fl L^oiX). These properties are 
established in [BoH j , Proposition 1.4.1.1. 

It follows from ([3]) that can be extended to D{£) by continuity. The extension, which 
we continue to denote by S^, still satisfies the Markovian property (jlj) and the monotonicity 
property ([5]). 

Next for each open subset f2 of X define the convex subset Cq of D{S) by 
Cn = {x G D{S) n L^{X) , < X < If^} • 

It follows that is a directed set with respect to the natural order. In particular if 
Xi, X2 e Cn then Xi2 = Xi + X2 - X1X2 e Cq. Moreover, X12 - Xi = X2(ln - Xi) > and 
X12 — X2 = Xi(ln — X2) > 0. Therefore it follows from ([5]) that x ^ ^ monotonically 
increasing net of quadratic forms with the common domain D{£). Then one can define a 
form 8n (= £-n,N) by D{8n) = D{8) and 

8n{^) = lim 8^{ip) = sup{8^{ip) : x e C^} . 

Since 8n is defined as a limit of quadratic forms it is automatically a quadratic form on 
L2{X) and it follows from ([3]) and (jl]) that 8iy satisfies the continuity property 

< 8n{^) < 8{^) (6) 

and the Markovian property 

8^(0 V A 1) < 8N{ip) (7) 

for all (f G D{8). We emphasize that £^Ar is a form on L2{X). 

The definition of 8n is motivated by the theory of second-order elliptic operators. Let 
X = R and define 8 by D{8) = W^'\R) and 8{ip) = |<^f • Then 8^{^) = /rX|<^? 
and 8n{(p) = Iv^'P- 

Our aim is to compare the forms 8d and 8n on L2(fi) but in general 8n is not closed 
nor even closable. In fact it is closed under quite general assumptions (see Proposition 13.61 
below) but in any case one can introduce the relaxation 8n of 8^. 

The relaxation t of a quadratic form t is variously called the lower semi-continuous 
regularization (see |EkTj . page 10) or the relaxed form (see |Dal] . page 28). It is the closure 
of the largest closable form which is less than or equal to t (see |Sim] Theorem 2.2). In 
particular, if t is closable then t is the closure. 

The relaxation 8n of 8n is airtomatically a Dirichlet form; it is positive, closed and 
satisfies (I7j). Moreover, it satisfies 8n{^p) < ^iv) for all ip G D{8) by ([6]). Let (= Hq^n) 
and (= 5^'^) denote the operator and submarkovian semigroup on L2{X) associated 
with 8n- 
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Remark 3.1 If ^ G D{S) n Cc{Q^) then S^{^) = for all x e by locality. Therefore 
Sn{^) = and Sn{^) = 0. Since if G D{S) fl Cc(f2'^) is dense in Cd^^) and Cc(f2'^) is 
dense in L2{^l'^) one deduces that £n{'{>) = for all ip G L2(fi'^). Hence if G D(8n) then 
In'/' G D(Sn) and Sn{'^) = Sni'^n'^)- In particular, the space L2(fi) is invariant under 5*^. 

Proposition 3.2 Lei C R'^ he open. If S^Lp = S^(f for all Lp G L2{Vl) and t > then 
L2(fi) is -invariant and capQ((9fi) = 0. 

Proof Since leaves I/2(f2) invariant the S'^-invariance follows immediately. But the 
latter property implies that if G D{Sn) then l^ip G D{Sn)- Next let G D{S). Then 
G D{£m) and 

limri(ln<^,(/-5f)ln<^) =limt-^(ln<^,(/-5f)lf,^) =^(ln^) < oo . 

So In G D {££,)■ The rest of the proof is then a repetition of the argument that [IT1=^IIII 
in Theorem 11.11 □ 

Under more stringent assumptions (see Theorem 13. 7p we will prove that Proposition [3?2] 
has a converse. One key condition is strong locality. 

We define £ to be strongly local if £{({>, ip) = Q for all ip,tp E D{£) and a G R such 
that {tp + al)ip = 0. This condition corresponds to locality in the sense of |BoHj . 

Strong locality gives a couple of useful implications. 

Lemma 3.3 Suppose £ is strongly local and regular. Then 

£Ni^) = snp{£^{ip) : X e Di£) n C,in), < x < 1} 

for allipE D{£). 

Proof First notice that there are Xi? X25 • • • G D{£) fl Cc(fi)+ such that Xn T In- Then 
£n{'p) = linin^oo ^^xn(v^) f ^ -^(^) (see the discussion on page 82 in [ERS] . which 

requires £ to be regular and strongly local). □ 

Thus if £ is regular and strongly local then one can replace the set Cq by the set 
{X e D{£) n C^n) : < X < 1} in the definition of £n. 

Next we establish that if £ is strongly local then there is an order relation between 
and S^. 

Proposition 3.4 Let Q C R*^ be open. If £ is strongly local then £d ^ £n- Moreover, 
< Sj^ip < S^cp for all ip G L2{X)+ and t > 0. 

Proof Clearly £n{'p) = ^{f) for all (p G D^. But Dq is dense in D{£ij). Hence it follows 
from ([6]) that £n{,v) = ^{.v) = ^oif) for all ip G D{£d). Therefore £d C £j^. 

Since L2{^1) is S* ■^-invariant and Sj^ip = for all (p G L2(fi^), by definition, it suffices 
to prove the order property of the semigroups for all (p G L2(fi)+. 

Let e > and define the form £^^ by £p^e = £n + £ £■ Then £]S!e is a Dirichlet form and 
D{£n,) n Cc{X) is dense in Co{X). Moreover, D^{£) = Dn{£Ne) and {£Ne)D = {l + e)£D- 
Therefore we can apply Proposition 12.11 to deduce that < S^^j^^^^^ip < S^^ip for alH > 
and (p G L2(fi)+, where S^^ is the semigroup associated with the Dirichlet form £Me- 
Since lime^o = S^^ strongly for allt > by |Kat] . Theorem VIII. 3. 11, the proposition 
is established. □ 
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Remark 3.5 The semigroup domination property of Proposition 13.41 can be characterized 
in terms of the forms Ed and £n by a general result of Ouhabaz (see |Ouhj . Theorem 2.24). 
In particular it follows that D{Sd) is an ideal of D{Sn), i-e. ii < (p < ijj with ip G D{Sn) 
and e D{£d) then (p e D{£d). 

Under the additional assumption that S is regular one can deduce that S'-invariance of 
L2{fl) suffices for equality of S and in restriction to L2{fl). 

Proposition 3.6 Let Q C R*^ be open. Assume £ is regular and strongly local and that 
L2{^1) is S -invariant. Then 

for all (fi G D{S). Therefore 8n is closed. Moreover, leaves L2{Q) invariant and 
S^(p = Stf for all ip G L2{fl) and t > 0. 

Proof Fix ip G D{S) H C^X). Then Inp G D{S) since ^2(^2) is S'-invariant. Moreover, 
X = tnX foi' all X G C^. Therefore 

£Nip)= lim (£iip,x^)-'2-'£ix,v')) 

= lim (s{p,xtn^)-2-'£{lnX,V^)) 

= lim (s{lnP,xtnv)-2-'S{x,{lnvf)) = S^ilnv) 

where we have used locality. Thus Sn{p) = SN{tfi(p). 

Next choose ip G D{£) fl Cc{X) with ip > Ir where K = supp (p. Then, replacing ip by 
V A 1 if necessary, one can assume < < 1 and ip = 1 on K. Set x = loV'- Then 
X & Cfi and x = 1 on fl Therefore x'^nV = If^V' ^^id 

^^(ln</^) = £ilnp,xtnp) - 2-'£{x, (tnpf) = Sitnp) 

by strong locality. Hence £N{^np) = £{^np)- But in the previous paragraph we established 
that £n{p) = £N{tnp)- Therefore £Nip) = £itnv) for all p G D{£) n Cc{X). This 
equality then extends to all p G D{£) by regularity of £. The remaining statements of the 
Proposition 13.61 are straightforward. □ 

We now prove a kind of converse of Proposition 13.21 

Theorem 3.7 Assume £ is regular and strongly local. The following conditions are equiv- 
alent. 

I. capj^(9i7) = 0. 

II. Sf^p = S^p for all p G L2(fi) and allt>0. 

Proof The implication [ITWITl is established by Proposition 13.21 without the regularity and 
strong locality. 

'tIl=^jIT]' . Suppose capQ(dfl) = 0. Then the implication IIIIkCT of Theorem [TTT] gives 
Sj^p = Stp for all p G L2{^1) and t > 0. But capQ{dQ) = also implies that L2{Q) is 
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S'-invariant. Therefore Proposition 13.61 gives St^p = S^ip for all ip G Iv2(fi) and t > 0. 
Hence by combination of these conclusions one obtains Statement [TTl of the theorem. □ 

It follows from Theorems 11.11 and 13 . 71 that the relative capacity condition capj^(9fi) = 
is equivalent to S[^ip = St^p for all ip G L2{^) and t > or to Sj^^ip = ip for all 
(p G L2{VL) and t > 0. It is not equivalent, however, to S^ip = Stip for all ip G -^2(0) 
and t > 0. A counterexample can be given as follows. Define the form h on L2(R) by 
D{h) = L2(-oo, 0) © iyi'2(0, 00) and h{ip) = \ip'\^. Set = (0, 00). Then h = and 
S = . But ho is the restriction of h to VFq^'^(0, 00). Therefore is not the restriction 
of S to L2{n) and capn({0}) ^ 0. In fact capf^({0}) > (47r)-\ 

4 Degenerate elliptic operators 

The foregoing results can be applied to degenerate elliptic operators on R*^. 

Let (cki) be a symmetric d x d-mathx with coefficients Cki G Loo(R-'^) such that C{x) = 
{cki{x)) is positive-definite for almost all x G R'^. Define the positive quadratic form h by 
Dlh) = W^'^iR"^) and 

d 

K'^) = ^{dkip,Ckidnp) . 

k,l=l 

We call h the degenerate elliptic form with coefficients (cki)- Further let h denote the 
relaxation of h. It is established in |ERSZlj . Theorem 1.1, that h is a regular, strongly 
local, Dirichlet form. (The relaxation is referred to as the viscosity form in [ERSZlj and 
the definition of locality used in this reference corresponds to strong locality as defined 
in Section [3l) Moreover, the submarkovian semigroup S associated with h is conservative 
by Theorem 3.7 of [ERSZ2j . Therefore all the statements of Theorems 11.11 and 13.71 are 
equivalent for h and the corresponding elliptic operator H and submarkovian semigroup S. 

The form [h) n corresponding to h and the open subset Q C R"^ is the D(/i)-closure of the 
restriction of h to C^{Q). Therefore, if Cki = Ski, i-e. if h (= h) is the form of the Laplacian, 
then ho corresponds to the usual Laplacian with Dirichlet boundary conditions. It is not 
the case, however, that always corresponds to the Laplacian with Neumann boundary 
conditions. The form of the Laplacian with Neumann boundary conditions is usually 
defined with the domain D{In) = W^'^{n). Note that D{In) C L2(^^). But, by RemarkEH 
one can always write Dihjq) = Dq n © i^2(^^) with Dq^n a subspace of ^2(^2). If \dQ\ > 
then clearly -Dq^at 7^ W^''^{fl) = D{In) and Dq^n contains elements which are not in D{1]^). 
But Z^Q^AT can be a strict subset of W^^'^iyL) even if \dVL\ = 0. If, for example, d = 1 and 
n = (-1, 0) U (0, 1) then Dn,N = W^'\-l, 1) g W^'\-l, 0) © W^'\0, 1) = W^'^n). 

Theorem 11.11 gives, in principle, a practical way of concluding that the semigroup 
corresponding to Dirichlet boundary conditions is conservative on Loo(f^). It suffices to 
verify that ca.pQ{dQ) = 0. But calculating the relative capacity is not straightforward. The 
next proposition gives sufficient and practical conditions to make the verification. 

Proposition 4.1 Let Q C R'^ be open. Let hi and h2 be degenerate elliptic forms with 
coefficients (c[,;-*) and (c^f ). Suppose there exists an a G R such that C^'^^{x) < aC'^'^^x) 
for almost every x E Q. Moreover, suppose that cap^^{dQ) = 0. Then the semigroup 

S^^'^^ associated with {hi)^ is conservative. 
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The proof rehes on the fact that the relaxation depends locally on the coefficients of 
the form. 



Lemma 4.2 Let hi and /i2 be degenerate elliptic forms with coefficients (c[,;'*) and (cp'' 



kl J- 

Let U C be an open set and suppose that c^^i\u = c^kilu for all kj G {!,... ,d}. Let 
if G L2(R'^) and suppose that suppy^ C U . Then if G D{hi) if and only if f & L){h2) and 
in this case hi{(f) = h2{f). 

Proof Without loss of generality we may assume that C^^\x) = for all x G f/^ 
Vogt Vog| proved that there exists a measurable function p: H'^ R'^^'^, with val- 



ues in the orthogonal projections, such that the degenerate elliptic form ki with coef- 
ficients X I— > {C^^\x)y^'^ p{x) (C^^^x))^^"^ is closable and hi = ki. Following the con- 
structive proof in |Vog| it follows that the degenerate elliptic form k2 with coefficients 
X 1-^ (C(^)(x))^/^ lu{x)p{x) (C(^)(a;))^/^ is closable and h2 = k2. Then the rest of the proof 
of the lemma is clear. □ 

Proof of Proposition HH] For all A;, / G {1, . . . , rf} define 4?: R'^ -> R by cg^ = 1^ 4]^. 
Then C^^\x) < aC^'^\x) for almost every x G R'^. Hence cap^^(9fi) = 0, where h^ is the 

degenerate elliptic forms with coefficients (4^'*). Therefore the semigroup S'*^^-'^ associated 
with (/i3)d is conservative. But (/is)/) = {hi)D by Lemma 1121 Hence the semigroup S^^^^ 
associated with (/?.i)z) is conservative. □ 

The assumptions of Proposition 14.11 are satisfied in many cases, see |E1R] Section 3, or 
under the more stringent condition cap^(5f2) = see [RoSj . 
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